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Abstract 

Type II theories can be described as the endpoint of closed string tachyon condensation 
in certain orbifolds of supercritical type 0 theories. In this paper, we study solitons of this 
closed string tachyon and analyze the nature of the resulting defects in critical type II 
theories. The solitons are classihed by the real K-theory groups KO of bundles associated 
to pairs of supercritical dimensions. For real codimension 4 and 8, corresponding to 
A'O(S^) = Z and iFO(S®) = Z, the defects correspond to a gravitational instanton and 
a fundamental string, respectively. We apply these ideas to reinterpret the worldsheet 
GLSM, regarded as a supercritical theory on the ambient toric space with closed tachyon 
condensation onto the CY hypersurface, and use it to describe charged solitons under 
discrete isometries. We also suggest the possible applications of supercritical strings to 
the physical interpretation of the matrix factorization description of F-theory on singular 
spaces. 
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1 Introduction 


The understanding of open string configurations experienced a major breakthrough 
by the realization that they can be constructed as open string tachyon solitons of 
suitable non-supersymmetric systems of D-brane/antibrane pairs (see e.g. [I112])- This 
formulation has clarihed that K-theory is the right tool to classify D-brane charges 
(and thus RR helds) [3lH] . Moreover, it has allowed simplifying the analysis of involved 
supersymmetric D-brane conhgurations, in terms of non-supersymmetric parent brane- 
antibrane conhgurations (see e.g. [SIE]). 

Recently, the study of closed string tachyons in the supercritical heterotic strings of 
[THH] has revealed a similar structure m, providing a closed tachyon soliton description 
for NS5-branes, and other objects. This motivates the possibility of exploiting closed 
tachyon solitons in other supercritical strings to describe objects beyond D-branes. 

In this paper we undertake this task for type II superstrings, realized as the endpoint 
of closed string tachyon condensation on certain orbifolds of supercritical type 0 theories 
[5]. We argue that the tachyon condensation picture describes annihilation/nucleation 
of pairs of bundles with SO structure group, associated to supercritical dimensions, 
and use it to classify possible tachyon solitons in terms of real K-theory groups KO. 
We focus on the Z-valued objects, corresponding to real codimension 4 and 8 solitons. 
Our results are: 

• The codimension 4 soliton corresponds to a gravitational instanton in the critical 
type II theory. The tachyon condensation can be regarded as a surgery operation 
inserting a contribution to tr at the core of the tachyon soliton. We provide several 
arguments supporting this interpretation, by using D-brane probes, and by arguing that 
the worldsheet CFT in the presence of the corresponding tachyon soliton corresponds to 
a (4,4) singular CFT compatible with the right asymptotics in target space to describe 
An singularities. 

• The codimension 8 soliton in type IIA corresponds to a fundamental string (and 
by T-duality it corresponds to a momentum mode in type IIB). The FI charge of the 
conhguration is induced by the existence of a topological Chern-Simons coupling ap¬ 
pearing at one-loop in the supercritical theory, as we explicitly compute. The coupling 
is a natural generalization of the type IIA B 2 A Xg coupling, evaluated on the K-theory 
class of the snpercritical bundles. 

We describe several incarnations of these ideas in familiar systems. We interpret 
the worldsheet GLSM as a supercritical theory dehned on an ambient toric space with 
a closed tachyon condensate restricting the dynamics to the CY hypersnrface. This 
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interpretation allows an interesting description of the discrete gauge symmetries asso¬ 
ciated to discrete isometries of the CY (abelian or non-abelian), and the construction 
of charged strings as closed tachyon solitons, along the lines of HU. 

We hnally present some suggestions to apply these results to the physical expla¬ 
nation of the matrix factorization description of F-theory in singular spaces [IMl]. 
Although the analysis is not complete, we present several suggestive hints, that we 
hope serve as stepping stone towards a full understanding in future works. 

The paper is organized as follows. In Section [2] we review the construction of 
orbifolds of supercritical type 0 theories and their closed string tachyon condensation to 
type II theories (hence we dub the former ‘supercritical type II theories’). In Section 12] 
we describe generalities of solitons in closed tachyon condensation, like their relation to 
K-theory (section 13.ip and representatives using the Atiyah-Bott-Shapiro construction 
(section 13.21) . 

In Section m we study the real codimension 4 soliton, and argue that it is a gravita¬ 
tional instanton. In section 14.11 we suggest this result from the structure of chiral zero 
modes in the core of the soliton from dimensional reduction of the bulk helds. In section 
14.21 we compute the effect of the soliton on D-brane probes, and show it corresponds 
to inducing lower-dimensional D-brane charges, exactly as for a tr contribution. Fi¬ 
nally in section 14751 we show the worldsheet theory in the soliton background is a (4,4) 
singular CFT compatible with the properties of the C^/Z„ CFT. 

In Section [5] we study the real codimension 8 soliton, and argue that it is a funda¬ 
mental string in type IIA (and a momentum mode in IIB). The soliton charge arises 
from a novel Chern-Simons coupling which arises at one-loop in supercritical IIA the¬ 
ory, generalizing the lOd type IIA coupling B 2 X^. In section [57T] we review the latter. 
In section 15.21 we compute the one-loop anomaly in the supercritical type IIB theory, 
and in section 15751 we relate it to the Chern-Simons coupling. In section 15741 we take a 
brief detour to show that this coupling precisely cancels the anomaly of the magnet¬ 
ically charged NS-brane of supercritical IIA theory. In section 15.51 we describe other 
defects classihed by Z 2 -vaIued KO groups. 

In Section [5] we interpret the familiar worldsheet GLSM as a supercritical string 
closed string tachyon condensation, and use this description to construct charged ob¬ 
jects under discrete isometries of the CY hypersurface. In Section [7] we describe ap¬ 
plications to interpret physically the matrix factorization description of F-theory on 
singular spaces. Section [5] contains our hnal remarks. 

Appendix lAl provides some details about the form of the ABS construction for bun- 
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dies with SO structure group. Appendix [B] describes the construction of the codimen¬ 
sion 4 defect with one transverse dimension, in terms of caloron solutions constructed 
as inhnite periodic arrays of instantons. 


2 Review of supercritical strings and tachyon con¬ 
densation 


In this section we review the construction of supercritical string theories flowing to lOd 
type II string theories upon a closed string tachyon condensation which eliminates the 
extra coordinates, following [5] (see also HIE]). 

The ‘supercritical IIA/B’ string theories are constructed as Z 2 quotients of the 
supercritical extension of type OA/B theories 0. 

Supercritical type OA/B theories dehned in flat 10 -1- n dimensions are described 
by the 2d real helds ,'ip^) (forming (1,1) multiplets) in the vector representation 
of S'O(10 -|- n). Cancellation of the central charge requires including a timelike linear 
dilaton background V^, satisfying 


V^V^ = 


n 

Aa' 


( 2 . 1 ) 


There is a GSO projection by (—1)'^“, where is total worldsheet fermion number. 
The supercritical OA (OB) theory corresponds to choosing opposite (equal) GSO pro¬ 
jections on the left- and right-movers. There is an NSNS sector containing a real closed 
tachyon scalar, and massless graviton, 2-form and dilaton helds, and a RR sector con¬ 
taining massless p-form potentials (with p odd/even for the OA/OB theories) coming in 
two sets (denoted ‘electric’ and ‘magnetic’). 

In order to connect with the lOd type II theories, we must consider the theories in 
10-|-2/c dimensions, namely with n = 2k. We split the coordinate helds as the ‘critical’ 
A^, /i = 0,..., 9, and the ‘supercritical’ Xm, Um, with m = 1,..., k. The supercritical 
IIA/B theories are dehned as the orbifold by the action g = (—1)^^™ -TZ, where (—1)^^“ 
is left-moving worldsheet fermion number, and 7^ is a spacetime Z 2 action hipping the 
k extra coordinates p™' —y^, while leaving the others invariant x™' x™'. Note 

that for the lOd critical case (fc = 0), this is just the familiar orbifold turning the lOd 
OA/B theory into the lOd IIA/B theory, see e.g. [TBHTS] . 

The spacetime low-lying spectrum for these ‘supercritical type II theories’ is: 

^Actually, there exist modular-invariant supercritical extension of the IIA/B GSO projection, but 
only for dimensions 10 -I- 8k dS]. We will not discuss these supercritical theories. 
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• The 5 f-untwisted sector is the (Z 2 projected version of the) NSNS and RR sectors, 
and describes (10+2A;)-dimensional fields, namely a real tachyon T, a massless graviton, 
2-form and dilaton, and RRp-form gauge potentials (with p odd/even for the IIA/B). 

• The ( 7 -twisted sectors are denoted by NS-R and R-NS sectors, and describe helds 
localized at the (10 -|- /c)-dimensional locus = 0. The massless helds correspond 
in the NS-R sector to a (10 -|- /c)-dimensional vector-spinor held "0^; where M runs 
through the 10 -|- 2k coordinates, and a denotes a bi-spinor of *S'0(1, 9 + k) x SO{k), 
with an overall chirality projection (i.e. a chiral spinor of S'0(l,9 -|- 2k) decomposed 
with respect to S'0(l,9 + k) x SO{k)). The vector-spinor held can be decomposed 
in terms of gravitinos and Weyl spinors. The R-NS sector contains a similar set of 
fermions, with opposite/same overall chirality in the IIA/B theories. 

These supercritical IIA/IIB theories are connected to the critical lOd IIA/IIB the¬ 
ories by condensation of the closed string tachyon in the NSNS sector. Following [9], 
the tachyon couples as a worldsheet ( 1 , 1 ) superpotential, 

A/: = de+de-~r{x) = + ( 2 . 2 ) 

where is the auxiliary held for the superheld X^. Upon use of its equations of 
motion F^ ~ we obtain a worldsheet potential term 

R = (2.3) 

lOTT 

One can now study tachyon prohles which lead to dimension change within type 0 
theories. This is achieved by pairing the extra coordinates, with mass terms 

W = T = fiexp{l3X+)£^^nXmyn- (2.4) 

where we take to be a matrix of rank k at generic points of the critical dimensions, 
given in terms of the tachyon as 


^m,n, '-'Xm'-'Vn ' 


(2.5) 


where in this last expression we ignore the dependence in This is because the 
light-like dependence on X^ was introduced in [9l [T9l - [2Tj^ to make the system solvable 
in this case of constant ^. In general, we will be interested in situations with non¬ 
constant for which the dynamics is not exactly solvable. However, we will focus 
on topological properties like tachyon solitons and their charges, so in what follows we 
drop this dependence in X^. 


^For other works on light-like tachyon condensation, see [12H21]. 
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The superpotential (|2.4|) must be linear in the y's due to the Z 2 symmetry (which 
is an R-symmetry in the worldsheet), while the linearity in the x’s can be regarded as 
the first term in a general Taylor expansion (and higher terms will be irrelevant in our 
discussion). 

The above tachyon condensation makes the coordinates x, y disappear, and its end¬ 
point is critical lOd type IIA/B theory!^. As shown in the references, the 2d dynamics 
ensures that the spacetime background is renormalized as required for consistency (in 
particular the dilaton (12.Ih is redefined, and disappears in condensation to lOd). We 
will refer to the lOd locus x = y = Q where the type II theory lives as the “critical 
slice”. 


3 Closed tachyons and solitons in type II 

As done in [10] in the heterotic context, nontrivial tachyon profiles in type 0 or type 
II theories can be associated to different kinds of solitons. In this section we develop 
this connection in some detail. 

3.1 Closed tachyons, asymptotics, and K-theory 

Consider the case of non-constant mass matrix fl2.5p . The basic intuition is that in re¬ 
gions where the rank of M is k, tachyon condensation proceeds as above and eliminates 
the supercritical coordinates. On the other hand, there is interesting new physics at 
loci where its rank lowers, i.e. some combinations of coordinates become massless at 
some locus, because of zero eigenvalues of the tachyon matrix. 

In this study, we may write down particular tachyon profiles with zeroes, but gener- 
ically they will not satisfy the spacetime equations of motion and so the tachyon will 
not describe a marginal perturbation. It is then difficult to argue that the tachyon 
zeroes will survive the condensation, since this requires knowledge of the RG flow. A 
simple way around this difficulty is to consider cases in which the tachyon matrix zeroes 
are topologically protected. This is the case when the tachyon profile is topologically 
non-trivial, namely, when the fiberings of the supercritical dimensions x and y over 
the critical slice are not isomorphic. For instance, a section of a bundle with nontrivial 
Euler class must always vanish at its Poincare dual locus. 

^Actually, there is an abuse of language here (and throughout the paper), since the tachyon conden¬ 
sation process produces a light-like BPS configuration rather than the lOd vacuum of these theories. 
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In other words, the tachyon is sensitive to the difference bundle (the K-theory 
class) of the bundles described by the fiberings of x and y over the critical sliced We 
will see shortly that the physical meaning of this K-theory class is that supercritical 
dimensions can be nucleated/annihilated by pairs via closed string (constant) tachyon 
condensation. 

The intuition is very close to that of open string tachyons in brane antibrane an¬ 
nihilation [3]. Indeed, as in the open string case, the loci where the tachyon matrix 
decreases its rank corresponds to the presence of extra degrees of freedom associated 
to a (closed) tachyon sohtor@. These solitons are therefore naturally classified by the 
real KO-theory groups. 

An essential point of this construction is that tachyon profiles describing solitons 
are in one-to-one correspondence with K-theory classes of the x, y bundles. Indeed, as 
mentioned above the tachyon matrix ^ is a bundle isomorphism from x to y, which 
specihes a A'-theory class uniquely as follows: Given a tachyon T over some compact^ 
base space X, one may construct a complex vector bundle E by finding an open cover 
{Uj} of X such that the tachyon has full rank on the overlaps Ui fl Uj (for instance one 
in which one of the Ui is a tubular neighbourhood of the det T = 0 locus) and setting 
the transition functions to be just T. From this we can further construct a iF-theory 
class representative as (A, 1) where 1 is a trivial vector bundle. 

However, one must show that this mathematical correspondence has some physical 
meaning, for instance showing that the tachyon profile requires the x, y bundles to form 
a representative of the tachyon K-theory class. Physically, the equivalence between 
topologically nontrivial tachyon prohles and the supercritical x, y bundles arises from 
two assumptions about the theory: 

• Tachyons describing a localized soliton must relax to the vacuum far away from 
the core. In practical terms this means that T —?■ To as r —)■ cx), where To is the 
vacuum expectation value of the tachyon. 

• Configurations of hnite action on can be extended to differentiable configura¬ 
tions on its one-point compactihcation S^, modulo gauge transformations. This 
is an assumption about the form of the action near the vacuum. For instance, in 

^In many of our examples the critical slice is R", so strictly speaking there are no non-trivial 
bundles. As we discuss momentarily, we always impose finite energy at infinity for our bundles, so 
effectively we have in mind bundles on the compactihcation of flat space. 

®This was explored in the heterotic context in uni, see also m- 

^Recall footnote m 
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Yang-Mills theory in k dimensions, one must have 


Ffiu —t 0 (3.1) 

faster than for the action to be hnite. Since this implies that the connection 
is flat at infinity, the configuration can be extended to S^, possibly in a singular 
gauge. Similarly, assuming that near the tachyon vev the action takes the form 

S = J\VT\^ - V{T) (3.2) 

for some effective potential V{T) with a minimum around To, finite action means 
that T>T —)• 0 faster than 

We should remark that whereas the first assumption is quite reasonable and could 
be considered as part the definition of a soliton, the second is a strong statement about 
the action in a regime we do not really control. The supercritical description is valid 
for small vevs of T and even though it is possible to ascertain the endpoint of the 
condensation for several different prohles, we know nothing about the effective action 
there. In fact, this phenomenon is not new. The same happens in the context of 
brane-antibrane annihilation in type IIB, where the tachyon profiles which yield D- 
branes asymptote to the vacuum expectation value of the tachyon. Although some is 
known about the effective action of the tachyon in this case (see [25] for a review), it 
is difficult to argue in a controlled way that the covariant derivative of the IIB tachyon 
should vanish at inhnity to satisfy finite energy conditions. 

In any case, once we assume that VF 0, we obtain a link between the tachyon 
and the supercritical bundles. We will review the argument in the more familiar case of 
D9-D9 tachyon condensation in type IIB this more familiar case first, and then brieffy 
discuss the the closed-string version of the phenomenon. 

In type IIB in the presence of extra D9-D9 pairs, there is a tachyon Tub in the 
bifundamental of the gauge group. A tachyon vev {TubI —t oo corresponds to com¬ 
plete annihilation to the type IIB vacuum. Different tachyon prohles describe different 
conhgurations in the critical theory after tachyon condensation. 

The tachyon asymptotics impose constraints on both D9 and D9 connections. For 
concreteness, consider a single brane-antibrane pair and a tachyon prohle of the form 
Tub = This is well-known to describe a D7-brane sitting ai z = 0 after condensation. 
Far from z = 0 the tachyon is non-vanishing, indicating complete annihilation. How¬ 
ever, there is one extra requirement to be imposed. As discussed above, one should 


have 'D^T 0 sufficiently fast. Plugging the tachyon prohle we have chosen, this 
means that 

dzT — (^D9 ~ 0 (3-3) 

or, in other words, that asymptotically 


^D9 ~ ^;d9 


(3.4) 


One may measure the hrst Chern class of the K-theory class {E,F), where E is the 
D9 gauge bundle and E the D9 gauge bundle, by integrating the Chern-Simons form 
of the connection (l3.4|) . In this case, one obtains an induced D7-brane charge of 1, 
as behts a D7-brane after condensation. We thus see that in order to be able to 
draw the correspondence between a tachyon prohle and a particular conhguration after 
condensation it is essential to specify the behaviour at inhnity. 

We will assume that an analogous discussion holds in the supercritical theory. The 
projection of the covariant derivative to the critical slice is analogous to the 

covariant derivative of the tachyon in the IIB example above. We will hypothesize that 
0 plus terms of order as we near inhnity for tachyon prohles describing 
solitons of codimension k. By expanding the covariant derivative as in (l3.3l) . we get a 
sum of Christohel symbols which act as connection coefficients over the x, y bundles. 
The same arguments as above show that a particular tachyon matrix specihes a pair 
of X, y bundles. 

In either case, tachyon solitons are classihed by K-theory classes of the correspond¬ 
ing bundles. As usual, we are interested in compactly supported K-theory classes in 
R^, which correspond to the K-theory groups of S^. 


3.2 The ABS construction 

We will soon turn to the construction of particular interesting tachyon solitons. To 
construct a soliton of real codimension /c, the matrix ^ is a map from to the 
diherence SO{n) (which is the subgroup broken by the tachyon background). These 
topological classes of such maps are classihed by the behaviour of the map at the (/c —1)- 
dimensional sphere at inhnity, i.e. the homotopy group nfc_i(S'0). As we have the 
freedom of introducing extra pairs of supercritical dimensions, the rank of the bundles 
remains undetermined, more precisely we take it in the stable range. These stable 
homotopy groups are in correspondence with the K-theory classes of pairs of bundles 
with SO structure group. Namely, the topological classes of bundles, dehned modulo 
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creation/annihilation of pairs of bundles (physically realized as introduction/removal 
of topologically isomorphic supercritical dimensions.) 

In the U{n) case, a simple representative of the non-trivial homotopy classes is 
obtained by the Atiyah-Bott-Shapiro (ABS) construction [SB], which has been exploited 
in the construction of open tachyon solitons as well [3]. For the case of complex bundles, 
the K-theory group is = Z for even k, k = 2p. The two bundles are taken to 

describe the chiral spinor bundles over R^, namely U{n) bundles with n = 2^“^, 
and the tachyon background generating the K-theory group is 

^ = r-f (3.5) 

where F denote the Dirac matrices in Weyl representation, so we indeed have a map 
M : S’"*" —)■ S'”. The Z-valued charge can be identihed with the non-trivial Chern 
classes trF^, k = 2p along R^. 

The SO version of the above construction is obtained by embedding U{n) C 
S'O(2?7,), and (for the physically relevant case of 10 dimensional string theory) de¬ 
scribes topologically non-trivial conhgurations only for KO{S^~^) = Z for fc = 4, 8 and 
A'0(S^”^) = Z 2 for k = 1,2,9,10. We will mostly focus on the /c = 4, 8 cases, whose 
Z-valued charge can be realized in terms of the Pontryagin classes tri?^, tri?^ of the 
difference bundle over S'^, S®, respectively. Explicit expressions for the real tachyons 
in the /c = 4, 8 cases can be found in appendix 

Notice that the above discussion only uses the supercritical tachyon T and the su¬ 
percritical bundles, hence the tachyon condensation and its topological solitons work 
the same way both for type IIA and IIB string theory. This already provides informa¬ 
tion about the lOd solitons which can be obtained using different tachyons of the form 
03.51) : They cannot be D-branes, for a T-duality in the lOd theory along a worldvolume 
direction would change the codimension of the soliton, whereas the same T-duality be¬ 
fore tachyon condensation merely turns OA to OB leaving the tachyon prohle 03.5p and 
thus the codimension of the objects untouched. 

So focusing e.g. on the Z-valued cases, we are looking for e.g. codimension 4,8 ob¬ 
jects in type II theory which upon T-duality along their worldvolume turn into objects 
of the same dimension. For codimension 4, the natural candidates are gravitational 
instantons or NS5-branes. For codimension 8, these would be fundamental strings. 

In the following sections we consider these two cases in more detail, and describe 
the nature of the corresponding soliton in the lOd spacetime. 
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4 Codimension 4 solitons are gravitational instan- 
tons 

Let us consider the tachyon background associated to n3(S'0) = Z, which describes 
supercritical bundles with non-trivial hrst Pontryagin class. For concreteness, we con¬ 
sider 4-1-4 supercritical dimensions, and hber them such that the SO{4:)x x S'0(4)y 
bundles have non-trivial tri?.^ — tr over an in the lOd critical slice. 

Using e.g. the prohle fl3.5p as prototype, the tachyon condensation removes the 
supercritical dimensions everywhere except at the origin in Just like for open string 
tachyon solitons, we expect this to signal the presence of a left-over real codimension- 
4 topological defect. One may be tempted to propose that this is an NS5-brane, as 
occurred in the supercritical heterotic case im. In the following we rather show that 
it corresponds to a gravitational soliton, carrying the gravitational charges of C^/Z 2 , 
namely, a localized contribution to tri?^, where here R is the curvature 2-form of the 
tangent bundle in R^. 

The tachyon and its condensation proceeds essentially in the same way in both 
type IIA and type IIB theories. We focus on the latter case, since the nature of 
the endpoint and the corresponding charges are easier to identify, essentially because 
in type IIB theory, ADE geometries localize chiral held content at the singularities, 
whereas for type IIA theory the localized modes inherit the non-chiral nature of the 
ambient lOd theory. The result of type IIB theory can be translated to type IIA theory 
by a T-duality along the worldvolume dimensions of the defect (even in the supercritical 
setup). 

In addition, in setups with one compact dimension transverse to the defect it is 
possible to T-dualize the gravitational instantons into NS5-branes. The corresponding 
conhgurations and relevant technical details are briehy discussed in appendix [Bl This 
hence provides a realization of the NS5-brane as a closed tachyon soliton. 

4.1 Chiral worldvolume content 

Although the tachyon condensation process is highly non-trivial, one could hope to 
compute the worldvolume chiral spectrum by simple dimensional reduction of the lOd 
helds using the coupling to the physical tachyon background, as done in [7]. However, 
although our prohle 03.51) specihes the right K-theory class of the soliton, and it is 
expected to how to the physical tachyon background, as it stands it does not solve the 
spacetime equations of motion. Therefore, even if we focus on the chiral sector, the 
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computation of the spectrum is not safe against leaking of modes off to infinity in the 
supercritical dimension, as we now describe. 

If we attempt the dimensional reduction of the fermions using the tachyon profile 
fl3.5l] . the following picture emerges. For each fermion, which in the supercritical theory 
live in the 10 + fc-dimensional orbifold fixed locus (we remind the reader that fc = 4 
in this section), one can construct two different sets of zero modes. One of them is 
localized along a 10-dimensional slice which will become the critical type II spacetime 
after tachyon condensation. Presumably these describe the lOd fermion content of the 
theory, as happens for the heterotic in [H]. There is a second set, which is instead 
localized along a different 10-dimensional slice, which intersects the critical slice on 
the worldvolume of the defect. This different set of fermions is associated with the 
= 0 branch of the superpotential obtained from the tachyon matrix 03.51) : they 
may be thought of as a supercritical version of the localized worldvolume fermions of 
the gravitational instanton, before condensation. From the point of view of the critical 
slice, they are 6d localized fermions, even though they propagate in 4 extra supercritical 
dimensions. It is expected that the physical tachyon localizes the modes in the latter, 
leading to genuinely 6d chiral modes; this phenomenon is however not robust, as such 
modes can leak off to inhnity along the 4 supercritical dimensions. From a different but 
related perspective, the computation of the chiral spectrum using the index theorem 
is ambiguous due to contributions from the r^-invariant at inhnity. 

This picture suggests that localized fermions indeed arise from tachyon condensation 
with the superpotential 03.51) . but as stressed above, we cannot trust this tachyon prohle 
in spacetime. Fortunately, other arguments, which we now proceed to review, show 
clearly that the endpoint of the condensation is a gravitational instanton. 

4.2 Induced D-brane charges 

The problem of tachyon condensation in supercritical type 0 theories with a codimen¬ 
sion 4 ABS prohle is in principle similar to what happened in the supercritical heterotic 
tachyon solitons ra, with non-trivial hrst Pontryagin class in the supercritical dimen¬ 
sions. There, the localized defect was argued to be an NS5-brane, which actually carries 
the same charges as ti R^. What allowed to read the charges of the soliton more easily 
there was the existence of couplings such as (where Bq is the potential dual 

to the 2-form), which survived in the supercritical setup and included contributions 
such as i?6+ntri?^, where R^ is the curvature of the normal bundle the critical slice. 
However, a similar argument does not apply straightforwardly to type 0 theories, since 
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there are no topological couplings of this kind. 

We can however use a different strategy to detect the physical charges carried out 
by supercritical dimension bundles with non-trivial first Pontryagin class. The key 
idea is to introduce D-brane probes, on which the topological charge tr will induce 
lower-dimensional D-brane charges. 

D-branes in type 0 theories are discussed in e.g. [IS1I2Z!; most of these results 
apply to the supercritical theories in a straightforward manner. Basically, there is 
one Dp-brane per RR gauge potential (hence, two D-branes, dubbed ‘electric’ and 
‘magnetic’ for each allowed value of p). On a Dp-brane stack of fixed kind, the spectrum 
is given by gauge bosons and scalars associated to the transverse dimensions. For 
overlapping electric and magnetic Dp-branes, the mixed sector gives rise to a Majorana- 
Weyl fermion of the rotation group of the full (10 -|- 2?7,)-dimensional space (we assume 
u G 4Z here), suitably decomposed with respect to the worldvolume Poincare group. 

We now consider D-branes in the Z 2 quotient describing the supercritical type II 
configuration. Specihcally, we will consider only supercritical D-branes which are local¬ 
ized on a submanifold contained in the lOd critical slice, and which span all supercritical 
directions, including the orbifolded ones. In this way, tachyon condensation takes place 
along the worldvolume of the D-brane and we avoid the tricky question of determining 
what happens to other RR charges which exist in the supercritical theory but not in 
the type II endpoint. 

Since the supercritical type II theories are constructed as Z 2 orbifolds of supercrit¬ 
ical type 0 theories, the D-branes of supercritical type II arise in the parent type 0 
theory Z 2 as invariant pairs of D-branes 0. Since the Z 2 exchanges the electric and 
magnetic D-branes of the parent type 0 theory, the supercritical type II D-brane is 
a coincident pair of electric and magnetic supercritical type 0 D-branes of the corre¬ 
sponding dimension. Note that we have to include electric and magnetic branes to 
guarantee invariance under the Z 2 at the orbifold fixed locus; if the brane were away 
from it, it would be completely consistent to have a single electric or magnetic brane. 

For concreteness, we focus on type OB theory, in 10-1-4-1-4 dimensions, and consider 
a pair of electric and magnetic D13-branes (denoted e and m in the following) along 
the directions and the parametrized by (x®,... ,x®) in the lOd critical slice, 

and extending over the 4 orbifold-even x coordinates as well as the 4 orbifold-odd y 
coordinates. We are interested in computing the worlvolume Chern-Simons couplings 

^In fact, this is completely analogous to what happens for critical lOd type II theories, constructed 
as Z 2 orbifolds of type 0 theories [THllU ■ 
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to the curvatures, in order to read out the D-brane charges induced by the curvature 
of the normal supercritical dimensions. Such couplings are intimately related to the 
worldvolume fermion content, as required by anomaly inflow arguments [251I2U] . so we 
determine the latter. As reviewed above, the D13e-D13e and 013^-013^ sectors do 
not contain fermions, while the mixed D13e-D13m (and D13m-D13e) give rise to two 
fermions (one per sector) of hxed chirality with respect to the total *S'0(1, 9 + 4 + 4) 
group, decomposed under the 5'0(1,5) x S'0(4)2345 x S0{4:)x x S0{4:)y group. This 
worldvolume spectrum is non-chiral in 14 dimensions but at the orbifold hxed locus 
only one linear combination of the fermions survives, leading to a localized contribution 
to the lOd anomaly. 

To be more precise, the theory has two 14d fermions, of opposite 14d chirality. 
They can be decomposed in terms of lOd and 4d spinors as |C')io|C )4 + |-S')io|5')4 and 
|C')io|'S ')4 + |<S')io|C) 4 , where \C) and \S) denote spinors of opposite chiralities. The Z 2 
orbifold hips the sign of the second 14d spinor, which implies that one cannot regard 
the Z 2 orbifold as having a simple geometric action on the 4d spinors (this would swap 
the sign of one of the two 4d spinors). Hence, the computation of the localized anomaly 
at the y = 0 locus is subtle, but can be dealt with as follows. In fact, the action of the 
orbifold on the chiral fermions is a single copy of its action on the bispinor generating 
the bulk RR forms. Later, in section 0 we will see that both anomaly cancellation in 
OB theory and reduction to the anomaly polynomial in IIB after condensation requires 
a specihc form for the anomaly polynomial of the RR forms. 

Inspired by the form of the RR anomaly polynomial, a natural guess for the anomaly 
polynomial of the chiral fermions turns out to be 

^ 10 = (4-1) 

A[Kn ) 

where is the curvature of the tangent bundle to the intersection of the 

y = 0 locus and D13-brane worldvolume, and its normal bundle. The last 

factor, e{Ry), is the Euler class of the |/-bundle, which will localize anomalies in a 
6-dimensional locus. This will become the D5-brane after tachyon condensation (see 
section ED. 

One can now apply standard anomaly inflow arguments [251129] . considering two 
branes intersecting along the critical slice, to describe the Chern-Simons coupling on 
the D13-brane worldvolume in terms of curvatures of the corresponding bundles. We 
denote by R, Rat, R^, Ry the curvatures of the tangent bundle along the D13-brane, 
and along the normal bundles in the directions 2345 and the supercritical x and y 
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directions, respectively. Since the A-genns is a mnltiplicative class, we have 


= A{R)A{R^ 


A{R 


D13n{^/=0}^ 

'N ) 


— A(Rn)A(Ry 


(4.2) 


The resulting Chern-Sinions couplings are 


>5cs = / J2Cp/\ch{F) 

JD5 „ 


A{r) A{r, 


A{Rn) A{Ry) 


(4.3) 


(The Euler class contribution is rewritten here as the localization to the D5 slice on 
the critical directions.) Notice that the x and y bundles appear asymmetrically in this 
expression. This difference between the x and y bundles is crucial for the ii'-theory 
picture advocated throughout this paper to make sense. Namely, isomorphic bundles 
in the x and y dimensions should not generate new charges in the system, and indeed 
the contribution of isomorphic x and y bundles to induced D-brane charges cancel in 
(l4.3l) : see below for an explicit example of this. Similar expressions can be obtained for 
other Dp-branes. Note that in the critical case this reduces to the familiar expression 
in PU] . 

Consider now a D13-brane in flat space, R = R^ = 0, but in the presence of 
non-trivial bundles in the supercritical dimensions. Expanding the above we have 

1 


— [ Cio A (tri?, 
48 JD13 


tiRl 


(4.4) 


This implies that in the presence of supercritical bundles with non-trivial first Pon- 
tryagin class, there is an induced (supercritical) D9-brane charge on the volume of the 
D13-brane. Upon tachyon condensation, the extra dimensions disappear everywhere 
except at the core of the tachwn soliton, while each brane loses 8 worldvolume direc¬ 
tions along the x, y direction^. The left-over defect in the endpoint critical type II 
theory must be such that it reproduces the induced Dl-brane charge on a D5-brane 
probe. This nicely fits with the interpretation of the soliton as a localized defect sup¬ 
porting a non-trivial tr R^ along the tangent directions of critical type II theory. 


4.3 Worldsheet CFT 

The above arguments show that the endpoint of tachyon condensation is the critical 
type II theory with a localized, real codimension-4 object characterized by a nonva¬ 
nishing tri?^, i.e. a gravitational instanton. We will now argue that the worldsheet 

®This follows from applying the worldsheet arguments in section [5] to the open string sector de¬ 
scribing the D-branes, i.e. the 2d fields associated to the x, y directions are very massive and can be 
integrated out. 
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theory with the ABS tachyon has the right properties for reproducing, after tachyon 
condensation, the singular worldsheet CFT for a C^/Z 2 singularity. 

The first piece of the argument concerns the topological charge of the gravitational 
instanton that we just found. As we describe in appendix lA.il the supercritical tachyon 
S' is obtained by embedding the SU{2) instanton into The induced brane 

charge is given by the Pontryagin class of the real bundle, which is defined to be the 
second Chern class of its complexification, so the real embedding of the ABS instanton 
induces two units of topological charge, compatible with a C^/Z 2 singularity. 

A detailed analysis of the supercritical CFT gives further support for this identih- 
cation, as follows. As usual, take to be the critical slice coordinates, the four 
supercritical orbifold-odd coordinates, and the supercritical orbifold-even coordi¬ 
nates. As discussed above, the matrix fl2.5l) of tachyon derivatives with respect to 
the supercritical coordinates may be regarded a mapping between the orbifold-odd and 
orbifold-even supercritical tangent bundles. If we regard these as nontrivial bundles 
over the critical slice parametrized by the X^, the tachyon describes a K-theory class 
over the critical slice, as described in section [31 In particular, the closed string tachyon 
(Ia:^ (see appendix 

r=X-(ijJ.,iV = itr(xXy) (4.5) 

describes the K-theory class of a gravitational instanton. We have argued for this 
interpretation using spacetime considerations. In the following we will study the effects 
of this tachyon superpotential as a worldsheet perturbation. 

The equations of motion coming from 04.51) (which, recall, couples to the worldsheet 
as a superpotential) give a branch structure. Consider for example y ^ 0. By a 
combined S'0(4)^ rotation we can put y = (|/o, 0,0,0) with |/o 7 ^ 0 without changing 
T. Now consider the equation of motion for 5?^, which is 

— = -tr (aVO yoX^ = ±yoX^ = 0 (4.6) 

for all /i. (The sign is determined by |tr (a^a^) = diag (1, —1, —1, —1).) Since yQ 7 ^ 0, 
we have X^ = 0, and from the X equation of motion also = 0. A completely 
analogous argument holds when X or x are non-vanishing, so at the classical level we 
hnd a three-branch structure, with each branch being determined by which of X, x, y is 
non-vanishing, and the other two helds vanishing on that branch. The three branches 
meet at X = x = y = 0. This situation is very similar to that analyzed in [31], and for 
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the same reasons as those given in there, we expect the branch structure to disappear 
quantum mechanically (we will review the details of the argument momentarily). This 
can occur in the full CFT once we include quantum corrections: the sigma model 
metric is corrected, and the branch intersection is pushed to infinite distance down an 
infinite throat developing at JT = 0. Such an infinite throat behavior close to X = 0 is 
suggestive of light degrees of freedom (coming from wrapped branes) living there, again 
indicating a singularity in the target description. The real ABS instanton 04.51) is the 
minimal instanton we can construct starting with a SU{2) instanton, so it is perhaps 
not surprising that the resulting conhguration is the minimal CY two-fold singularity. 

Finally, we will show that the sigma model given by 04.51) has (4,4) worldsheet 
supersymmetry, as befits type II on C^/Z 2 . Actually, proving (0,4) will be enough; 
since the arguments will be completely left-right symmetric, this will also prove (4, 0). 
The helds come in supermultiplets of (4,4) containing four bosons and four fermions of 
each chirality; we only have to show that the interactions preserve this supersymmetry. 
A (1,1) superheld 

X = x+ i;+e+ + ij_e_ + Fe_e+ (4.7) 

can be decomposed as two (0,1) superfields 

X = {x + ij+e+) + e.X-, X- = ij- + Fe+. (4.8) 

Then one can compute the (0,1) superpotential from the (1,1) superpotential 04.51) by 
integrating over 6*_, which yields: 

= I dO_T = V.a„(V)’“9" + (4.9) 

To show that the theory with superpotential IF(o, 4 ) actually has (0,4) supersymmetry, 
it is enough to show that the ADHM equations are satisfied [21] • Following [TIHI2T] . it is 
convenient to write down the indices of the above superfields in terms of the would-be 
SU{2) X SU{2) i7-symmetry. Uppercase unprimed indices will transform as a doublet 
over the first factor, whereas uppercase primed indices will transform in the same way 
under the second. We will choose the /^-symmetry to act on the scalar superhelds in 
such a way that X transforms as X^^, x transforms as and y transforms as y^'^'. 
The three fields transform differently under i?-symmetrief| , and this choice will ensure 
the (0,4) symmetry of the theory. We still have to choose how the Fermi superhelds 

®There is another scalar multiplet of (0,4) not considered in |31j . namely . The supersymmetry 
transformations are ^ , 5ri4’-^ = eyBy^^ d-X^^ . 
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transform under the i?-symmetry; there is no need to be consistent with the rules we 
set up above for the scalar superfieldfl . We will take 


\y 

^Y'Y^ '^AB- 


(4.10) 


With this choice in mind, one may now use the identities 

2hmn = J = (^cd'^ 


= -cr, 


■m ^D'A'u ^B'E'n CC 


CD' 


a‘ 


A'B' 


■m ^CC'y ^ABn ^DE 


(Te'C'^ — ^'P.nif^ C n 


'EC 


CA'^ 


’BD'^ 


(4.11) 


to rewrite the superpotential fl4.9p as 

1 


TT/ f {\x\m—m \ ^AB f 11 \^CC W^.n^n \^Dh/ 

^( 0 , 4 ) = 2(1^ ) (^E'a)^ (^BC>^ {y (^C'D')^ 

^ \rD' A' (( \X\a u \^B'E'(^n^n ^,CC' 
“ 2^^ ^CD')^ ((-^ y^A'B')^ [y ^E'C')^ 

^ ( ^ra—m \^CC' ( \ ^AB ( ( \y\n \,DE 

^EC')^ j 

= 

2 


^%'A^cyC' ^A'B'^C yE' ^^BD^C^C' 


Dehning , the above may be rewritten as 


(4.12) 


hh(0,4) — c' 


cc 


E /oa \ a 

i^CC'A 

ya=X,x,y 


^cc ~ ^cyE’ 1 ^cc ~ yE' > ^Ec ~ 


A' „.B' 


-XSx°. 


(4.13) 


Showing that the theory has (0,4) supersymmetry amounts to showing that the 
C’s satisfy the ADHM equations, explicitly given by (2.13) and (2.20) of [HT], which is 
easy. The first constraints are 

dCyA' 


^^AA' 9C%a' 


dC%A' 


7 + 


dC%A' dC%B' n 4 ,,, 4 

+7r^ = 0 (4.14) 


dx^^' dx^^' dyB'y dy^'^' 

where a runs over X, x, y and we have omitted the upper indices. The three different 
C’s above satisfy the equations. Secondly, we have to show that the constraint 


E /^a /^a I 

“T ^BA'^AB' “ ^ 


(4.15) 


is satisfied. Even though (l4.15l) involves a sum over the three different sets of fermions, 
for fl4.131) the sum is identically zero for each fermion. This proves that the lagrangian 
under consideration actually has (0, 4) supersymmetry. In the same way we may prove 


^^Indeed, doing so would ruin (0,4) supersymmetry. 
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that it has (4, 0), and since left and right-handed supercharges anticommute this shows 
(4, 4) supersymmetry. 

We can now argue as in [32] , and follow what happens to the right-handed SU (2) x 
SU{2) i?-symmetry as we flow to the IR (equivalently, as tachyon condensation takes 
place). The endpoint of the condensation must be a (4,4) nonlinear sigma model, and 
one of the two R-symmetry S't/(2)’s must be included as part of the superconformal 
algebra. If we focus on the branch on which X is nonzero, the SU{2) factor which 
acts nontrivially on X cannot be conserved and thus it must be the factor acting 
nontrivially on x, y the one which becomes part of the superconformal algebra. The 
same argument then shows that in this sigma model x, y must not show up: even if 
semiclassically there is a throat dXX = x = y = Q through which the three branches 
join, quantum mechanically they are split and there is no way to transition from one to 
the other. This is exactly what happened, in a simpler setup, in the heterotic case m- 

To sum up, the theory perturbed by fl4.5p flows in the IR to a superconformal (4,4) 
model, with the same topological charge as C^/Z 2 , and with singular behavior at the 
origin. It seems fairly natural to identify this theory as type II string theory on C^/Z 2 . 

5 Codimension 8 solitons are FI strings 

Let us consider the tachyon backgrounds associated to n7(S'0) = Z, which describe 
supercritical bundles with non-trivial second Pontryagin class. Using e.g. the profile 
03.51) as prototype, the tachyon condensation removes the supercritical dimensions ev¬ 
erywhere except at the origin in R®. We will argue that, in type IIA/OA theory, the 
left-over real codimension-8 topological defect actually corresponds to a fundamental 
string (upon T-duality on a circle, the winding string turns into a momentum mode 
in type IIB/OB theory). In order to show it, we derive a supercritical analog of the 
familiar lOd IIA 1-loop term 52^8 [33], which shows that a configuration with non¬ 
vanishing second Pontryagin class in the supercritical dimensions carries the charge of 
an FI string. The strategy to compute the 1-loop Chern-Simons term is to relate the 
computation, via a T-duality on a circle, with an anomaly cancellation computation in 
the supercritical type IIB theory (i.e. the Z 2 orbifold of supercritical OB). 
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5.1 The one-loop Chern-Simons term in lOd type IIA 

Recall that lOd type IIA theory has the one-loop Chern-Simons term for its NSNS 
2-form B2 [33] 

B2Xs{R) (5.1) 

where Xg is a polynomial in the curvatnre 2-form R. It can actnally be shown to 
correspond to the anomaly polynomial of the 6 d worldvolume held theory on a type 
IIA NS5-brane, since the above conpling cancels this anomaly by inhow [M], as we now 
review for completeness. The conpling indnces an anomalous Bianchi identity for the 
held strength Hj of the dnal gange potential 

dHj = X^ , H-r = dBe + Q7 (5.2) 

where Qj is the Chern-Simons form obtained from descent Xg = dQ^. 

The kinetic term of B 2 , recast nsing the dnal potential Bq, and held strength Hj, 
displays an anomalous variation 

‘S'kin = / 1^3 A Hj , hS'kin = [ Hg A 6Qj = f Hg A dXg = — f dHg A Xq 

JlOd JlOd JlOd JlOd 

where we have used the descent dQi = Xq, and integration by parts. In the presence of 

an NS5-brane, dHg = 54 (NS), where ^4 is a bump 4-form transverse to the NS5-brane 

volume. Hence the variation is 

5^kin = - / 54(NS) AXq = - f Xq (5.3) 

JlOd JNS 

and cancels the chiral anomaly of the NS5-brane worldvolume held theory if Xg is the 
anomaly polynomial, as anticipated. 

A simple way to compute the coupling fl5.ip is to compactify on Sh In the resulting 
9d theory, there is a coupling AiXg{R), where Ai arises from B2 with one leg on 
Si. In the T-dual IIB, the Ai held is a graviphoton and the corresponding coupling 
involves the KK gauge held coming from the metric. This coupling appears not from 
dimensional reduction of a one-loop lOd coupling, but rather as a genuinely 9d Chern- 
Simons coupling appearing from the parity anomaly [351I3B] . It can be easily obtained 
from the chiral type IIB held content, by integrating out the inhnite towers of KK 
modes (which are charged under the KK gauge held) [37] . The type IIA polynomial 
Xg is thus also given by the 9d type IIB parity anomaly, which in turn is directly 
related to the lOd type IIB anomaly polynomial by the descent relations. 

In the coming sections, we use this logic (in reverse) to show that the supercritical 
IIA has a coupling that generalizes (15.Ih and that includes the curvature of the normal 
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bundle to the critical slice. We start with the computation of the supercritical IIB 
anomaly polynomial, compactify on and compute the parity anomaly by the descent 
relations. Upon T-duality and decompactihcation, this allows to obtain the Chern- 
Simons coupling in supercritical IIA theory. We further show that the generalized 
polynomial is given by the anomaly polynomial of the NS-brane of supercritical IIA, 
as required by (a straightforward generalization of) the above worldvolume anomaly 
cancellation argument. 

5.2 Anomaly cancellation in supercritical OB 

Our starting point is the computation of anomaly cancellation of (10 + 2fc)-dimensional 
supercritical IIB theory (i.e. the Z 2 orbifold of the supercritical OB theory, described 
in section [2]). The relevant sector is localized in the (10 + /c)-dimensional hxed locus 
S of the Z 2 orbifold; although the held content is non-chiral with respect to (10 + k) 
diffeomorphisms, it is chiral if we also consider diffeomorphisms in the directions of the 
/c-dimensional normal bundle NT,, and there is an associated anomaly polynomial. We 
denote by R and F the curvature 2-forms of the tangent bundle TT and the normal 
bundle NT. Spinors of positive chirality will be denoted by |s), and those of negative 
chirality by |c). 

The chiral spectrum (in the above sense) in the (10 -|- /c)-dimensional hxed locus of 
the supercritical IIB theory is: 

• (a) Two negative-chirality spinors of S'O(10 -|- 2k), , with a Majorana condition, 
and charged in the vector representation S'O(10 -|- k). The spinor decomposes 
as |s)|c) -f- |c)|s) in terms of S'O(10 + k) x SO{k) reps. There is also a reality 
condition, giving a factor of 1/2 in the anomaly computation (which cancels with 
the fact that we have two such helds). 

• (b) Two spinors of 5'O(10 -|- 2k), charged as a vector of SO{k). These become 
\s)\s) -f |c)|c) in terms of S'O(10 + k) x SO{k) reps. 

• (c) A RR self-dual (4 -|- fc)-form, and an anti-self dual RR (4 -|- k) form. 

To compute the anomaly polynomial, we introduce the Chern characters in the vector 
and spinor representations of SO{n), c{F),Cs{F), Cc{F). The contributions from the 
diherent helds are 
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(a) There are (10 + /i;)-dimensional gravitinos transforming as spinors of the nor¬ 
mal bundle, which give: 


A{R) ch(i?)-2 {cc{F) - Cs{F)) 


12+fc 


A(R) 

Mn 


cUR) - 2] 


J 12 


e(F). (5.4) 


Here, we have used the identity {cc{F) — Cs{F)) = e{F)/A{F) for the Chern 
character for the spin cover of a bundle, with e{F) being the Euler class of the 
normal bundle. 


• (b) There are (10 + /c)-dimensional spinors, transforming as vector-spinors of the 
normal bundle, and give: 


i(i?)(cc(F) 


c.{F))c{F) 


12+k 


A{R) 

A{F) 



e{F). 


(5.5) 


• Self-dual forms: These are trickier to compute, as we need to know how the orb- 
ifold affects the forms to compute the anomalies. Recalling the earlier behaviour 
of spinor contributions, the natural result is 


r 1 L{R) 

-SMF) 


e{F). 

12 


(5.6) 


Note that for k = 0 this reproduces the standard result for lOd type IIB theory 
(using e{F) = 1). The above generalization to arbitrary k is also consistent with 
all our other computations. Indeed, this is the only choice ensuring cancellation 
of all anomalies, which are anyway located on the critical slice thanks to the e{F) 
factor. 


The total anomaly is 

' MR) 

Af) 


[ch{R) - 2 - c{F)] 


1L{R) 

8L{F) 


e{F) 


(5.7) 


J 12 


In any situation leading to lOd IIB upon tachyon condensation, the bundles are 
such that e{F) is merely localized onto the critical lOd slice. Hence, the above is 
the IIB anomaly polynomial, but with the characteristic classes evaluated for the K- 
theory element (TS, A^S) (rather than just the tangent bundle TS). Notice that this 
invariance, which we have argued for throughout the paper, depends crucially on the 
ansatz 05.61) . which also ensures anomaly cancellation and reduction of the anomaly 
polynomial to the lOd one when the supercritical bundles are trivial. 
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5.3 Chern-Simons couplings 


The strategy now is to compactify supercritical IIB theory on an S^, i.e. take super¬ 


critical OB theory in x R9+fc X R^/Z 2 , and to compute the parity anomaly in the 


lower-dimensional theory. The only contributing helds are the KK modes of those helds 
entering into the anomaly of the uncompactihed theory, by descent from the anomaly 
polynomial in 10 -|- 2k dimensions, as explained below. 

All the helds contributing to the anomaly are sections of TS (g) iVS. Upon KK 
reduction we have the splitting TS = TS' 0 17(1), while NTj stays the same. We will 
refer to the curvature and gauge potential of the 17(1) factor as G, Aq, and denote by 
R' the curvature of TS'. 

Associated to each chiral held there is an anomaly polyform P{R,F). Its degree- 
(12 + k) part is the anomaly polynomial, whereas the degree-(10 + k) part (modulo 
some factors which depend on the reality conditions for each held and which will be 
discussed later on) is the exterior derivative of the parity anomaly [SSIES]- The way 
to compute the CS term we are interested in is to expand ch(G) [P(i?', F)]io+fc, take 
the term linear in G, that is GP{R', F), and then the anomaly term is AgP{R', F) 
where dAc = G. We now compute these contributions from the diherent (KK towers 
of) helds: 

• (a) For the vector-spinors of S0{1, 9 + k) with negative chirality, we get a term 


from 



We only remove the contribution of one spinor instead of two because one of 
the constraints (invariance under + p^, with ^ a spinor held, and p the 

momentum) is absent for a massive spinor. The KK modes are not independent 
due to the reality condition in lOd, so we should count only half of the KK modes 
(say the positive ones), but this factor will cancel with the fact that there are two 
identical vector-spinors. Using a zeta function regularization = —1/12, 

we are left with the contribution 



8+k 


(5.9) 


• (b) Similarly, for the vector-spinors of SO{k), we get an anomaly 



(5.10) 
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• (c) The self-dual forms are trickier, but the natural guess is that they mimic an 
anti-self dual form for which the Chern character factor coming from the iVS 
contribution is precisely ■^^[E']c(G). With this proviso, we may analyze the 
parity anomaly. For the (4 -|- 2fc)-form, we get a tower of complex massive KK 
forms in 9 -|- 2A; dimensions. The reality condition restricts the sum to positive 
momenta, and we also drop the factor of 1/2 in the anomaly polynomial since 
the 9d (4 -|- 2A;)-forms are complex. Finally, the dimension of the Dirac spinor in 
9 -|- 2A; dimensions is the same as that of one Weyl spinor in 10 -|- 2k, so unlike in 
standard anomaly cancellation we don’t have to divide the index by two. So the 
parity anomaly is obtained through descent procedure from the chiral anomaly 
of a complex anti self-dual (4-|- 2 /c)-form in 10 -|- 2 /c dimensions, namely — 
Adding up all the states in the tower plus the normal bundle contribution we get 
a contribution 


p(c) _ 

-r 8+n — ~ 


1 

2’4 


L{R1 

[L{F) 


e{F) 


- 8+n 


(5.11) 


The total parity anomaly is 


p _ p(“) _i_ p(^) _i_ pi^i) 

-T 8+fc — -V 8+fc “T 8+fc “T 8+fc 


e{F) 

12 


Mr') r 

[A{f) ^ 


c{R)iQ+k - 2 - c(F) 


lL{R'y 

iWil' 


(5.12) 


Notice this nicely respects the JF-theory invariance of the class (TS',iVS), as it 
only involves characteristic classes of the difference bundle. 

The parity anomaly induces a Chern-Simons coupling AoPg+niR', F) in the super¬ 
critical type IIB theory. Upon T-duality on the S^, the gauge held Aq becomes a 
component of the higher-dimensional NSNS 2 -form B 2 , so the above term arises from 
the KK reduction of a Chern-Simons coupling in the supercritical IIA theory of the 
form 

-82 F) (5.13) 

Note that for F trivial we recover the familiar B 2 XS term of lOd type IIA theory (l5.1|) 


5.4 NS-brane worldvolume anomaly cancellation 

The lOd type IIA CS coupling B 2 XS is a crucial ingredient in the cancellation of the 
NS5-brane worldvolume 6 d anomalies by inhow, and explains that Xs is actually the 
anomaly polynomial of this 6 d theory [33]. In a similar spirit, we will show that 
the above CS coupling in the supercritical IIA theory precisely produces the inhow 
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cancelling the worldvolnme anomalies of the NS(5 + 2/c)-brane (the object charged 
magnetically under B 2 ). 

The chiral field content on the worldvolnme of an NS(5 + 2fc)-brane in supercritical 
type IIA theory can be guessed by the requirement that upon bulk closed tachyon 
condensation it becomes the standard NS5-brane worldvolnme field content of lOd 
type IIA theory. Namely, this spectrum consists of two fermions of same chirality in 6 
dimensions, plus a self-dual 2 form. The fermions should arise out of localized modes 
of supercritical fermions in the tachyon background, as briefly discussed in section 14.11 
and argued in [7j. As for the self-dual form, in the critical theory it arises as the 
reduction of the bulk anti self-dual 4-form along the anti self dual 2-form of the Taub- 
NUT background. One may expect the same logic to hold in the supercritical picture, 
so one expects to have a self-dual (4 -I- fc)-form in the supercritical theory, along with 
other lower p-forms. This sector will, upon tachyon condensation, yield the self-dual 
2-form and one scalar. 

In what follows we prefer to provide a more direct and rigorous derivation, from T- 
duality with a Taub-NUT conhguration in supercritical IIB (which is easily understood 
to hold as in the critical case e.g. using Buscher’s worldsheet derivation of T-duality). 
In fact, the set of localized modes at the center of Taub-NUT spaces can be obtained, 
for k coincident centers, by replacing the near-center region of the Taub-NUT by an 
Afc_i singularity, i.e. a C^/Z^ orbifold. Since we are interested in the chiral content, 
the anomaly is given by n copies of that in a single Taub-NUT center (i.e. a single 
NS-brane in the type IIA theory). 

For simplicity, we focus on the supercritical type IIB theory with a C^/Z 2 along 
the critical slice. Since supercritical IIB is already a Z 2 orbifold of supercritical OB, 
we have to compute the spectrum in a Z 2 x Z 2 orbifold. As in section [2] we denote 
by g the generator of the Z 2 to become the IIB GSO projection; we also use h for the 
additional Z 2 action X —)■ —X on four of the lOd coordinates, and their worldsheet 
superpartner fermions. Let us now discuss the spectrum in sectors twisted by h and 
gh, which lead to the localized matter: 

• h-twisted sector: This contains NSNS and RR sectors, and chiral matter arises 
only from the latter. The zero point energies vanish, and there are fermion 
zero modes in all directions except those twisted by h. Massless states are the 
tensor product of two SO{6 -|- 2k) spinors (with same relative chirality in the OB 
theory). This produces a set of even-degree RR p form potentials, including a 
chiral (2 -|- /c)-form, self-dual in the (6 -|- 2/c)-dimensional fixed locus. These forms 
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can be regarded as arising from the bnlk RR forms snpported on the harmonic 
2 -form associated to the collapsed 2-cycle, e.g. the self-dual (2 -|- /c)-form arises 
from integrating the bulk self-dual (4 -|- /c)-form over the 2-cycle. 


Using the latter interpretation it is clear that the contribution to the anomaly 
polynomial is 




(d) _ 
8+k — 


1 

8 


HR) 

HR) 


e{F) 


8+k 


( 5 . 14 ) 


• ^fh-twisted sector: This contains NS-R and R-NS sectors, and behaves as a g- 
twisted sector with k + A twisted dimensions instead of just k. The zero point 
energies vanish in both the NS and R sectors, so massless states arise from de¬ 
generate groundstates from the fermion zero modes. 


The spectrum consists of two (6 -|- 2fc)-dimensional spinors of SO{l,2k + 5) of 
dehnite chirality, transforming as (1/2,0) spinors of the SO{A) normal to the 
hxed locus. The anomaly polynomial of the chiral matter of this sector is 


_o 

^8+k — ^ 
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( 5 . 15 ) 


The total worldvolume anomaly polynomial of the -|- 2/c)-brane is 

^ A{R) lL{Ry 


vNS _ 

-^8+k — 


I 

8+A; ^8+k 


= e{R) 


H{F) 8L{F) 


(5.16) 


We have the amazing fact that = Pg+n, ensuring cancellation of anomalies by 

inflow from the Chern-Simons coupling (l5.13l) . This is just the ordinary cancellation 
condition for the 8-form part of IIB anomaly polynomial, but the characteristic classes 
evaluated at the K-theory classes. 


5.5 Other closed-string tachyon solitons 

In the previous subsections, we have described the endpoint of tachyon condensation for 
prohles carrying nontrivial charges in the integer-valued real K-theory groups KO{Sy 
and KO{Sy. We have also provided evidence of the K-theory equivalence picture be¬ 
tween the supercritical bundles upon tachyon condensation, for instance verifying that 
the anomaly polynomial of supercritical IIB or the i? 2 ^ 8 + 2 fc coupling in supercritical 
IIA depend on the supercritical dimension bundles only through their K-theory class. 

Keeping up with this picture, one should also be able to study solitons charged 
under the Z 2 -valued Jt'-theory groups R'O(S^) for k = 1,2,9,10. Such objects are 
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necessarily non-supersymmetric, and therefore much less understood than their integer¬ 
valued counterparts which, as we have seen, correspond to familiar objects in type II 
string theory. The great advantage of the K-theory description of the supercritical 
theory is that, once established, it allows us to describe these stable but exotic solitons 
on the same footing as the more well-known ones. 

• Associated to we have a Z 2 instanton. In the type II theory, this can 

be constructed as a gravitational instanton associated to the hrst factor of the 
homotopy group 7r9(S'0) = Z2 © Z of the tangent bundle. The second factor is 
unstable, meaning that a representative of a nontrivial class of it can be made 
trivial by the addition of extra supercritical dimensions. 

To our knowledge, this non-supersymmetric object has not been described before 
in the literature. It is a gravitational instanton which in principle should provide 
nonperturbative contributions to the 10-dimensional type II couplings, albeit to 
higher-derivative terms due to many fermionic zero modes due to the broken 
supersymmetries. 

• For KO{S^) = Z 2 we have a non-BPS particle in both type II theories. It is clearly 
different from the familiar (Z- valued) type IIA DO-brane, or the (uncharged non- 
BPS) type IIB i50-brane. Standard analysis as in [211M] suggest it transforms as 
a spinor (of both the supercritical bundles, and of the critical spacetime). As we 
argue later, the Z 2 charge is fermion number mod 2, so it is possible that this 
particle simply decays into a perturbative spinor. If not, it would be interesting 
to follow this particle in dual pictures, in particular in the M-theory lift of type 
IIA. 

• For JFO(S^), we get the dual string for the particle described above. Before the 
tachyon condensation it corresponds to a geometric conhguration in which an 

in the supercritical dimensions picks up a 27r rotation as one moves around the 
core of the soliton. This a non-trivial action on the spacetime fermions, which 
survives even after tachyon condensation. Therefore the string is associated to 
a Z 2 discrete (gauge) symmetry under which only fermions are charged. It also 
acts non-trivially on the non-BPS particle described above, in nice agreement 
with our statement that it is a spinor (and thus a fermion). 

• Finally, iFO(S^) corresponds to a domain wall. Before the condensation, it cor¬ 
responds to a geometric conhguration with one supercritical dimension hbered as 
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in a Moebius strip. In analogy with the heterotic setting ng it seems reasonable 
to conjecture that amplitudes containing an instanton and a domain wall will get 
an extra phase when crossing each other. 

We leave further discussion of these objects for future work. 


6 A supercritical viewpoint on GLSMs 

Non-trivial Calabi-Yau threefolds are often constructed as (complete intersections of) 
hypersurfaces in toric varieties. When these Calabi-Yau threefolds are taken to be 
backgrounds for type II string theory, the toric construction admits a beautiful real¬ 
ization in string theory [SH]- Instead of trying to construct the CFT describing the 
non-linear type II sigma model in the target Calabi-Yau, we construct a particular 
non-conformal field theory in the worldsheet, the (2, 2) Gauged Linear Sigma Model 
(GLSM). At low energies this held theory will how to the non-linear sigma model, so we 
recover the previous physics, but the UV description makes the geometric construction 
as a hypersurface manifest. (Remarkably, the GLSM description does, in addition, 
allow for exploration of the aspects of string theory not captured by classical geometry, 
but this will not concern us here.) 

A simple example is the quintic Galabi-Yau threefold, which can be constructed as 
a degree hve hypersurface in the ambient toric space P^. In the GLSM description 
a slightly diherent description arises. We consider a U{1) gauge group in our (2,2) 
worldsheet theory, and take a set of six (complex) chiral superhelds Zi, P with charges 



Zi Z2 Z3 Zi Z5 P 

U{1) 

11111-5 


In order to be in the geometric phase of the quintic, we also choose a value for the Fayet- 
Iliopoulos term for the U{1) which forces X) kiP > 0, or in other words it disallows all 
the Zi from vanishing simultaneously. We introduce, in addition, a superpotential of 
the form 

Wglsm = fdizi) P (6.2) 

where f 5 {zi) is a homogeneous polynomial of degree 5 in the Zi. We now look to 
the classical set of vacua for this theory. The set of helds in fib.ip . plus the D-term 
constraint, parameterize a Galabi-Yau hvefold given by the 0{—5) bundle over P^. The 
F-terms coming from fl6.2p then impose f^izt) = 0, and for smooth quintics (i.e. such 
that d/s = /s = 0 has no solutions) also P = 0. Geometrically, it is most natural to 







take P = 0 first, which restricts us to the P'^ base of the hbration, and then / 5 (^j) = 0 
reproduces the classical description of the quintic. 

This construction will be familiar to most readers, but given the focus of this paper 
we would like to reformulate it from the following supercritical type II viewpoint. We 
consider the GLSM in fib.II) . initially with no superpotential, as describing a supercrit¬ 
ical type 0 on the resulting C>(—5) —fivefold (therefore suitably dressed with a 
linear dilaton background). To connect with type II, we impose a Z 2 quotient chosen to 
act as P —?■ —P, leaving the Zi invariant. Notice that differently to previous cases, we 
make no distinction between “critical” and “supercritical” Zi coordinates, all of them 
enter equally in the construction!^ 

Type 0 on the fivefold has a real closed string tachyon. We choose a prohle for this 
tachyon given by 

r = Re (Wglsm) = Re P ), (6.3) 


ignoring as usual the lightlike profile. The solution of the equations of motion at late 
times is the subvariety cut out by 

dT dT dT dr 

dxk dyk dp dq 

where we have introduced Zk = Xk + ipk, P = p + iq. (Some subtler details of the 
dynamics of this system were worked out in [H].) Since Wqlsm is holomorphic in Zi, P, 
one easily sees that fl6.4p is equivalent tc@ 

dWcLSM _ dWcLSM 
dzk ~ dP 

In words, we perfectly reproduce the GLSM construction, and end up at late times 
with ten-dimensional type II string theory on P = / 5 (^i) = 0 (for smooth /; see later 
for comments on singular cases). 

Besides providing an interesting alternative viewpoint on the usual GLSM construc¬ 
tion, the supercritical viewpoint has an interesting application to the study of discrete 

to the same point in the argument, morally the same was true in our previous cases, since the 
distinction between x and X coordinates only mattered once we chose a tachyon profile and a branch 
of the resulting moduli space. In the current case, due to the non-trivial topology, it makes no sense 
to partition the Zi coordinates, even in principle. 

^^Here is an argument: write Wglsm = u + iv. Since it is holomorphic on Zi,P, one has the 
Cauchy-Riemann conditions = —-§^, and similarly for P. The supercritical equations 

of motion (16.41) are just ^ ^ ^ These equations together imply (16.51) . if we expand 

it in real components. The reverse implication is also straightforward: using the real decomposition 
of = 0, together with holomorphy, one gets = 0. 


0 . 


(6.5) 


(6.4) 
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symmetries in string theory. The idea is a straightforward generalization of the discus¬ 
sion in m- before the tachyon starts condensing, we have a rather large continuous 
symmetry group acting on 0{—5) —(in particular acting on the P^). The choice 
of the tachyon fl6.3p breaks down this continuous group into a discrete subgroup for 
appropriate choices of f 5 {zi). For instance, take the Fermat quintic 

fbiZi) = zl + z^ ++ zl +zl, - ^pZlZ2ZsZ4Z5 (6.6) 

where ip is a, complex structure parameter, which we take to be nonvanishing. In this 
case we have a non-abelian symmetry group given by {S^ k (Z 5 )^)/Z 5 with the 
permutation group of 5 elements (see for example [ID] for a detailed discussion of this 
point, and generalizations). This groups survives in the hnal type II background, and 
has now a natural embedding into the isometry group of the original non-compact 
Calabi-Yau hvefold. 

The embedding of the discrete symmetries into a continuous group allows for a direct 
construction of the 4d charged strings (see m for a related but different approach). 
For a given Zp string, one simply constructs a vortex of the Kibble mode associated to 
the corresponding U{1) symmetry in the continuous group. It would be interesting to 
explore the string creation effects associated to mutually non-commuting strings. 

It is also interesting to consider what happens to the background when the discrete 
symmetry gets enhanced to a continuous one, i.e. when we approach the core of the 
vortex. Choose for instance a continuous deformation of the Fermat quintic taking us to 
the singular space Xg given by f^^Zi) = 1 PZ 1 Z 2 Z 3 Z 4 Z 5 . In this limit the discrete symmetry 
is enhanced to a continuous group containing {S 5 x f/(l)®)/f/(l). Topologically Xg is 
a set of 5 intersecting P^s given by = 0. This manifold is singular, and in fact it 
is an example of the ground state varieties with non-transversal polynomials described 
in |3T]. Classically, in addition to the non-linear sigma-model branch, the P 7 ^ 0 
branch of the CFT opens up at the singularities, i.e. whenever two components 
intersect. In related contexts [211112] there is evidence that the appearance of these 
branch structure signals the breakdown of worldsheet CFT, and that we need to include 
the effects of light brane states. This is also the case here. In the original quintic we had 
204 independent homology three-cycles. These all become localized at the singularities 
of Xg, since P^ does not support any non-trivial three-cycle. In the type II theory 
the branes wrapping these cycles will become massless. Notice that differently from 
the usual conifold transition, here both electric cycles and their magnetic duals are 
becoming massless, so we expect string theory in this background to be described in 
four dimensions by a theory without a Lagrangian description. 
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The reinterpretation of the GLSM generalizes easily to spaces beyond the quintic. 
As a simple example, let us consider the non-compact Calabi-Yau sixfold given by the 


GLSM 


Ghoose as above T 



Zi 

^2 

^3 

Z4 

X 

y 


p 

C'(l)i 

1 

1 

1 

1 

8 

12 

0 

-24 

to 

0 

0 

0 

0 

2 

3 

1 

-6 


Re (Wglsm) with 


(6.7) 


Wglsm = P{y^ + - 1 - f{zi)xz^ + g{zi)z^^ ( 6 . 8 ) 


which after tachyon condensation, for a suitable choice of FI terms, leaves us with an 
elliptically fibered fourfold, with base P^. For homogeneity we need that f{zi) and 
g{zi) are homogeneous polynomials of Zi of degrees 16 and 24 respectively. If we want 
to engineer a background with non-abelian discrete symmetries, we could choose for 
instance, in analogy with our discussion for the quintic 

fi^i) = + ^i(^G2^3^4)^ (6.9) 

i=l 

4 

ai^i) = + '^2{ZlZ2Z3Z^f ( 6 . 10 ) 

i=l 


which are invariant under a manifest symmetry group 5*4 k Z 2 acting on the coordi¬ 
nates, leaving {x,y,z,P) invariant. Richer configurations can appear if we can induce 
discrete symmetries acting non-trivially on the fiber, which becomes particularly easy 
if we choose different realizations of the torus fiber [131111], such as a cubic in P^, or 
a quartic on P^^^. This construction has potential applications to the realization of 
non-abelian symmetries in F-theorvI^ 


Another interesting observation in this context is that closed string tachyon con¬ 
densation on flat space can give an alternative supercritical construction of ADE sin¬ 
gularities for appropriate choices of the tachyon profile. For instance, start with 
parameterized by {zi, Z 2 , z^, P), with the Z2 orbifold acting as {zi,P) {zi, —P). We 

choose a tachyon profile T = Re (^{zj + Z 2 + zl)P^. After the tachyon condenses we 
end up with zf + Z2 + z'^ = 0 C , a, well known description of C^/Z2. 

^^See [45H52) for recent work on abelian discrete symmetries in F-theory, and m for work on 
non-abelian discrete symmetries in F-theory. 
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7 Supercritical bundles for F-theory matrix factor¬ 
izations 

In [EllTi] . type IIB tachyons describing particular backgrounds were related to particular 
matrix factorizations (MF) of polynomials living on an ambient auxiliary space sharing 
some resemblance to the total space of F-theory hbrations. The matrices of the matrix 
factorization are sections of bundles dehned over the ambient space, much like our 
tachyon matrix above is a section of the x, y bundles over the critical slice. It is 
therefore tempting to try to give a physical meaning to this ambient space, and the 
associated matrix factorizations, by somehow reinterpreting it as a supercritical type 
0 background, with tachyon condensation reducing again the dynamics to the type 0 
critical slice (the ambient space). 

We will hrst briefly review the recipe of na in the type F-theory context. An 
F-theory geometry is commonly specihed by a possibly singular Calabi-Yau fourfold 
X 4 with a torus hbration. This fourfold is part of an M-theory background X 4 x 
which is related to the four-dimensional F-theory model by taking a limit in which the 
size of the torus hber shrinks to 0. Enhanced gauge groups and chiral matter may arise 
at singularities of the hber. As discussed above, a convenient class of backgrounds X 4 
can be constructed in terms of a hypersurface / = 0 on an ambient toric space A. 

The polynomial / specihes the geometry of the hbration. However, this does not 
fully specify the M/F-theory background; the prohle of the M-theory 3-form C 3 must 
also be specihed. For backgrounds without G-hux the choice of is equivalent to 
picking a particular element in the Deligne cohomology of H^{X 4 , Z) [51]. For singular 
fourfolds, there may be vanishing cycles on which one can wrap C 3 ] these backgrounds 
typically correspond to T-branes in the type IIB setup [51] . 

The proposal of [Tl| is that these “T-brany” degrees of freedom of the singular 
fourfold are captured by the diherent matrix factorizations of the polynomial P. A 
n X n MF of a polynomial P is a pair [A, B) of matrices satisfying 

A-P = P-A = /-W (7.1) 

A particular (stable) matrix factorization gives a particular T-brane background. The 
reverse is not quite true: a T-brane background modulo complexihed gauge transfor¬ 
mations corresponds to a particular equivalence class of matrix factorizations (which 
furnish the so-called category of stable matrix factorizations). 

The MF is naturally associated to a complex of vector bundles over the ambient 
space A, which is formally very similar to those appearing in open tachyon condensation 
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in brane-antibrane systems. In the present setup, however, there are no open string 
sectors. This seems to demand a setup in which there is there are bundles associated 
to geometry, and a mechanism to annihilate them. It is very tantalizing to suggest that 
the tachyon condensation of bundles in the complex defined by the MF is physically 
realized in terms of supercritical strings. In the following we give some suggestive hints 
in this direction. 

A hrst step is to connect F-theory to the supercritical string setups considered in the 
paper. This can be done by defining F-theory from M-theory on X as described above, 
and further compactifying on an extra to connect with type IIA on X. Conversely, 
we start with type IIA on an elliptical^ fibered variety X, lift to M-theory on X x S^, 
decompactify the S^, and subsequentl}0 shrink the elliptic fiber to connect to F-theory 
on X. As usual, holomorphic information is preserved under these operations, so the 
physics of F-theory at singularities of X will be directly described by the physics of 
type IIA at singularities of X. 

We can describe these type IIA compactifications in terms of a (2, 2) GLSM with 
ambient space A and superpotential determined by the defining polynomial /. In this 
context, there is a natural proposal to realize the inclusion of the degrees of freedom of 
the MF. A typical trick to introduce extra bundles is to introduce extra (2, 2) multiplets 
in the GLSM, specifically n pairs of multiplets Xa, Ya, with a = l,...,n (possibly 
charged under the 2d gauge grou^. Alternatively, these can be physically understood 
as extra supercritical dimension^lj in a supercritical type 0 theory (or a supercritical 
type II theory, by simply orbifolding by F" ^ ~Y). In this language, the interpretation 
of the complex of bundles associated to the MF as a tachyon condensation motivates 
the introduction of closed tachyon background in the supercritical theory given by 


r=Re{Y.^aMabY,) (7.2) 

ab 

Namely, the matrix M in the MF plays as the tachyon matrix JX. This tachyon 
background leads to the annihilation of the extra supercritical dimensions, except at 
special loci at which the rank of the matrix drops, which occur precisely at singular 
points of X. From the viewpoint of the supercritical worldsheet description, there 
are extra dimensions left over at these loci, which describe singular CFTs as we have 
described in earlier sections. A careful study of such singular CFTs should reproduce 

do not consider other limiting procedures, which may lead to other possibly interesting out¬ 
comes. 

'^^This is in addition to possibly including the normal dimension to X in A as supercritical, as in 
section El 
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the formal prescription of looking to matrix factorizations (l7.1|) . (Not entirely unlike 
how type II CFT reproduces the classification of D-branes by matrix factorizations [SJ] , 
although we expect the details to differ significantly). 

Some interesting hints from translating results of the previous sections to this setup 
are that complex codimension 2 defects are associated to the singular CFT of An 
singularities, and therefore are naturally associated to the appearance of enhanced 
gauge symmetries. Also, complex codimension 4 defects are associated to the presence 
of FI’s in the type IIA picture, which maps under the dualities to the presence of D3- 
branes in the F-theory setup; this nicely connects with the presence of (anti) D3-brane 
sources detected in PITT] by the presence of matter localized at points. 

Clearly, there are many points that deserve further clarification. For instance, 
the fact that F-theory MFs are defined by the stable category requires that widely 
different tachyon backgrounds lead to equivalent physics, at least in what concerns 
the singular structure of the model. Also, we have been deliberately ambiguous about 
whether the supercritical string theory is dehned on X or on ^ (times the extra ‘bundle’ 
dimensions). Finally, it is not clear what computations in the (eventually singular) 
CFT could match the remarkably tractable computation of non-perturbative spectra 
in PfT4] in terms of exact sequences. We hope to address the hne points of this 
construction in upcoming work. 

8 Conclusions 

In this paper we have described closed tachyon solitons in the supercritical extensions of 
type II strings, and matched them with different defects in critical lOd type II theories. 
The solitons are classified by the real K-theory groups KO, for bundles associated to 
extra pairs of supercritical dimensions. 

In contrast to the similar analysis in the heterotic context Ha, where supercritical 
solitons gave NS5-branes upon tachyon condensation, we find evidence that in the type 
II context the codimension four solitons are more naturally associated with gravita¬ 
tional instantons (of course, T-dual to NS5-branes in setups with one dimension). 
We have discussed in particular the tachyon associated with the ABS construction, 
which we have argued gives rise to a local C^/Z 2 singularity upon tachyon condensa¬ 
tion. 

We have also shown that a codimension 8 soliton gives rise to a fundamental string. 
Along the way we found a coupling in the supercritical string of the form B 2 A Xg+n 
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in supercritical IIA, which generalizes the familiar B 2 A coupling in IIA, and which 
was crucial in the argument. 

The K-theory viewpoint suggests that other solitons are possible, and we have 
briefly discussed some of their properties. It would be quite interesting to understand 
these better, and in particular to follow them under diverse dualities. 

We have also given an alternative description of gauged linear sigma models in 
the context of the supercritical string, in which the ambient space becomes a physi¬ 
cal supercritical background, and the reduction to the Calabi-Yau is due to tachyon 
condensation. This allowed us to construct representatives for the strings charged un¬ 
der the discrete symmetries associated with diffeomorphisms of the Calabi-Yau, and 
shed some light on the enhancement of discrete non-abelian symmetries to continuous 
symmetries. 

Finally, we sketched how supercritical strings may illuminate the matrix factoriza¬ 
tion description of F-theory in singular spaces, hopefully paving the way towards a 
physical understanding of this prescription. 
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A Explicit construction of SO tachyons 

A.l Realitying the ABS construction 

The Atiyah-Bott-Saphiro construction 03.51) provides a representative of the generator 
of the complex K-theory group K{S^). We are interested however in generators of the 
real K-theory groups KO{S^). In this appendix we discuss how to construct one from 
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the other. Throughout this section k = 2p will be the dimension of the transverse 
space to the soliton we wish to construct. 

The main tool we will use is the embedding from U{n) to SO{2n) given by treating 
real and imaginary parts independently (this embedding process sometimes goes under 
the name “realification”). Given any n-dimensional complex vector bundle, it can be 
regarded as a 2n-dimensional real vector bundle via the mapping 

r: {zi,Z 2 ,...) -t {xi,y 2 ,X 2 ,y 2 , ■ ■ ■), where Zk = Xk + iyk- (A.l) 


A mapping M between two complex vector bundles E, F, such as the tachyon, induces 
a mapping Mr = rp o r*pM from r{E) to r{F). Given M, Mr is just obtained by the 
replacement 


1 -> 




(A.2) 


in the matricial expression for M. If the complex bundles are U{n) bundles, their 
realihcations are SO{2n) bundles: At the level of the algebra, one can see that flA.2p 
sends a, n x n anti-hermitian traceless matrix to a 2n x 2 n real antisymmetric matrix, 
so that it indeed defines an algebra embedding from u(n) to so(2n). Since U{n) is a 
connected Lie group, the algebra embedding extends to a group embedding via the 
exponential mapping. 

We may now take the tachyon 04.51) (which for each point with |X| = 1 defines 
an element of 17(2^“^)) and turn the mapping between f/(2^“^)-bundles to a mapping 
between S'0(2^) bundles over the same base. However, we now have to show that the 
maps constructed in this way indeed represent nontrivial elements of the KO groups. 

To do this, we can now complexify again the bundles (which, for a given real bundle 
T'r, means taking the tensor product with the complex numbers T'r (8) C). A generic 
section of the complexification of r{E) is of the form 


se. + isp, + sp^ + is'p^ = {sp^ + -isp^)=e + e", (A.3) 

where E^ and Ey are the real and imaginary parts of E, s and s' are sections of the 
corresponding bundles, and e and e' are sections of E and E respectively. Thus the 
complexihcation is isomorphic to E (B E. 

The complexification of r{E) is trivial if r{E) is or, in other words, r{E) can only be 
trivial it E (B E is. The above discussion carries over to pairs of bundles {E, E) and to 
K theory classes in a straightforward manner, using the map from tachyon prohles to 
iL-theory classes described in the main text. If T represents the JGtheory class {E, E), 
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then T 0 T represents the J’T-theory class {E ® E^ F ® F). Therefore, if the ii'-theory 
element represented by T © T turns out to be nontrivial, then the realification of T 
describes a nontrivial element in KO. 

In /c = 4, 8 dimensions, the ABS tachyon has nontrivial (fc/2)-th Chern class. Since 
Ck{E) = {—l)’^Ck{E), this means that T © T has nontrivial (fc/2)-th Chern class (in 
fact, it is twice that of the ABS tachyon). This means that the real tachyons obtained 
from these indeed describe nontrivial elements of A'O. Since the fc-th Pontryagin class 
of a real bundle is dehned as the (/c/2)-th Chern class of its complexihcation, we see 
that the Pontryagin classes of these tachyons are even. 

In /c = 2 dimensions T © T is a trivial bundle so the above considerations do not 
apply, and in /c = 1 the ABS construction (which strictly speaking is only defined for 
even dimensions) does not apply. We will consider these cases in detail below. Notice 
that once we have constructed generators for the iCO-theory groups from /c = 1 to 8 
we can get generators for any other iCO-group via Bott periodicity [3]. 

We now turn to the explicit construction of real tachyons using the above recipe. 

For fc = 4, the ABS construction provides a tachyon, written in terms of P matrices 


T = (A.4) 

where P^ are 4x4 S'0(4) Dirac matrices. However, as stated in the text, we should 
regard the above tachyon as a map between chiral spinor bundles S^, which are complex 
2-dimensional. This means that a more appropriate 2x2 form of the above tachyon 
may be obtained. Define the following matrices: 


= (1, zr^) (A.5) 

= (cr^)^ = (1, —ir^) (A.6) 


with r* the Pauli matrices. Then, when mapping chiral spinor bundles, flA.4j) becomes 


T = 


(A.7) 


Applying the homomorphism flA.2ll . we get the 4x4 real tachyon 


T = T{a^)X, = 


(A.8) 
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with X>^ = (X°, —X^, X^) and r] the set of 4 x 4 real matrices^ 


V2 = = 








^0 

-1 

0 

0^ 



y) = 




1 

0 

0 

0 

ho = 

r 

I 4 X 4 

hi = r{(T^) = 

0 

0 

0 






1 







lo 

0 

-1 

0; 

^0 

0 

-1 

0 ^ 



^0 

0 

0 

-l\ 

0 

0 

0 

-1 


hs = = 

0 

0 

1 

0 

1 

0 

0 

0 


0 

-1 

0 

0 

VO 

1 

0 

0 J 




0 

0 

0; 


(A.9) 


As stated above, this tachyon has Pontryagin class equal to two (when dehned over the 
sphere); it thus describes a two-center Taub-NUT. This is the tachyon prohle used in 
the main text to construct the Ai singular CFT. 

For k = 4, the Dirac matrices appearing in the expression of the ABS tachyon 
are 16-dimensional, which translates into 8-dimensional chiral spinor bundles. The 
homomorphism flA.2D turn these to real 16x 16 matrices. In 8 dimensions, one can take a 
Majorana-Weyl condition of spinors. If the original matrices used in the ABS tachyon 
are in this representation, then the homomorphism flA.2D will yield two irreducible 
8 -dimensional blocks, each of which will constitute a Majorana-Weyl representation 
of the SO{8) Clifford algebra. This means that the soliton constructed via turning 
the ABS tachyon into an S'0(8) tachyon via (IA.2j) describes twice the generator of 
KO{S^), in accordance with general considerations above. In this particular case, one 
could directly take the ABS tachyon with real 8x8 Gamma matrices and that would 
describe the generator of KO{S^) [5]: 

T = X^(F8x 8)/.. (A.io) 

Dirac matrices in k = 2 dimensions can be taken as r^, r^. The ABS tachyon is then 


r 


^X^-|-r^X^ which, when restricted to chiral spinors, yields simply Tabs = X^-|-iX^ = 


Z. The real tachyon is then 


V. 

-X 2 ' 

1 =1^11 

f cos^ 

— sin 0 

1 W 2 

) 

1 ' ' 1 

1 sin6' 

cos 0 


T= \ . ' \ =\X\\ _ 1 . (A.ll) 


^®This somewhat strange definition of X and the 77 matrices will arise naturally from the construction 
in appendix I A. 2 1 


38 




















This tachyon has winding one around inhnity. This winding cannot be undone with 
SO{2) gauge transformations, but if embedded in SO{n) for n > 2 (in the K-theoretic 
spirit) the winding can be undone in pairs. To be more specihc, the tachyon specifies 
a closed curve in SO {2), which can be embedded in SO{n). A closed curve in SO{n) 
is contractible if and only if it lifts to a closed curve in the universal cover Spin{n). 
A curve of winding 1 lifts to a curve connecting the identity in Spin{n) to minus the 
identity, whereas a curve of even winding lifts to a closed curve. Thus, KO{S^) = Z 2 
with the generator being precisely flA.llll . as desired. 

For k = 1, the ABS construction strictly does not apply, since we are in odd dimen¬ 
sion. Nevertheless, one can formally write an ABS tachyon T^X^, with T^ furnishing 
a representation of the SO{k) Clifford algebra. For k = 1, the complex tachyon is 
just T = X. The realification prescription tells us that the real tachyon is xl 2 x 2 - 
The determinant of this tachyon is -|-1 everywhere. The two classes of KO{S^) = Z 2 
correspond to orientable vector bundles and non-orientable vector bundles, which is di¬ 
rectly measured by the sign of the determinant of the tachyon. Therefore, the tachyon 
constructed forcing the ABS prescription in this case does not generate KO{S^). 

However, the above discussion also suggests a solution, similar to what happened 
in the k = 8 case above: simply take T = X a,s the real tachyon. The sign of the 
determinant indeed changes, so this corresponds to a non-orientable bundle over S^. 
In a sense the ABS prescription still works, only that like in the k = 8 case it generates 
an order two element of the KO group, which happens to vanish identically in KO{S^). 


A.2 An alternative embedding for the A: = 4 instanton 


In the particular case of /c = 4, there is another natural route to arrive at the tachyon 
flA.SD in a different way, using the fact that can be double covered by SU{2) x 

SU{2). Along the route we will develop technology which will be essential for the 
arguments in section 14.31 

Using the a matrices (lA.Sp we can construct a bijection between 4-vectors of 
AO (4) and bispinors \/aa (we will omit the subindices for conciseness, and call the 
bivector simply V), given by 


V = 


V>^ = -tr (a'^V) 


(A.12) 

(A.13) 


We take a summation convention in which any repeated index, independent of whether 
it is “up” or “down”, is to be summed over. A generic element {gi,g 2 ) = e*”''”*') 
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of SU{2) X SU{2) acts on V as 


V ^ = V + *(4r"v - r^Vr'^) + ... . 


(A.14) 


Acting on the vector representation this is 


V- ^ hr (i^SiV*') 


= ^ litr(a^T^a''^ — rjtr + 


(A.15) 




It is now convenient to introdnce the’t Hooft matrices 

hr = , 


LIV 

Vi = 


tr 


a r (7^ 


(A.16) 

(A.17) 


From the dehnition it is clear that these are real matrices. Explicit expressions are 


hi = 


/O -1 
1 0 
0 0 
\0 0 


0 o\ 
0 0 


0 


1 

o; 


h2 = 


hi = 


/ 0 1 
-10 0 
0 0 0 
V 0 0-1 


0 o\ 
0 
1 

oy 


h2 = 


/o 0 -1 0 \ 
0 0 0 -1 
10 0 0 
\0 1 0 0 J 

/ 0 0 1 0 \ 
0 0 0 -1 
-10 0 0 
V 0 10 0 y 


h3 = 


h3 = 


/o 0 0 -l\ 

0 0 10 
0-100 
yi 0 0 0 y 

(A.18) 

/ 0 0 0 l\ 

0 0 10 

0-100 
V-1 0 0 oy 

(A.19) 


from which we see that these matrices are antisymmetric, and one can also check that 
r/j is anti-self-dnal, and rji is self-dnal. In this way, the mapping of SU (2) x SU (2) gives 
a natural construction for the rj matrices showing up in (lA.Sp . while also providing 
expressions in terms of a matrices which are essential in section 14.31 In terms of these 
matrices we have 

^ + nvr + ---)v\ (A. 20 ) 

This provides the desired embedding of the SU (2) x SU (2) element (/jT*, rjT*) into the 
Lie algebra of 5'0(4), which is generated by the 6 real antisymmetric matrices g, rj. 
More explicitly, a hnite S'0(4) rotation A can be written as 


^ _ ^hVi+riVi — 


(A.21) 
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using that [?7j,?7j] = 0. A last couple of relations that will be useful are 

[Vi,Vj] =-‘^^ijkVk ; [r]i,r]j] =-2eijkVk- (A.22) 

The ABS SU{2) tachyon determines a representative of the generator of K{S‘^). 
The gauge connection in a representative of the form {E, 0) of this K-theory class must 
be the famous BPST SU{2) instanton. In regular gauge, this can be written as 

(A.23) 

where we have fixed the instanton at the origin, denoted the instanton size by p and 
picked a particular orientation in SU{2). We now need to pick an embedding of this 
SU{2) into Choosing to embed it in the first factor, we identify li = rj^’^. From 

the discussion above, the self-dual AO(4) instanton in regular gauge is then given by 

(A.24) 

with a set of 6 AO (4) matrices of the form 

. (A.25) 

Finite-energy considerations require that the connection must be pure gauge at 
infinity 

A^^U-^d^U + ... (A.26) 

with U a gauge transformation. In the case of the SU (2) instanton we have that [SS] 

U-^dM = (A.27) 

x^ 

with the generator of the Lorentz group in the spinorial representation. 

The generalization to the vector embedding is straightforward, we have 

U-^d^U = O'^^^ . (A.28) 

In the SU{2) case we can solve for U in flA.27p . obtaining 

U = . (A.29) 

What makes this rewriting possible is the following familiar fact. Any SU{2) = 
element can be specihed by three numbers A*, with U = exp(iAjr*). But it can also be 
expressed as a unit quaternion U = /S^cr^, as long as /9-/9 = 1. This gives a natural one- 
to-one map between the 3-sphere at infinity and SU{2) (in the spinor representation). 
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The generalization of the exponential representation to the vector representation is 
straightforward 


U = 


(A.30) 


with the Aj determined from as before. For the generalization of the quaternion 
representation, rewrite 

X = . (A.31) 

This defines an element of a SU{2) C AO(4), as before. Acting on any vector V = V)(Cr^ 
this acts as (in our conventions) 

V ^ xV (A.32) 


which extracting components gives 

(VY = hr (a'^xV) 

= ^l/^F^tr (a^a’^cr^) 

We read off the explicit mapping in this way: 

U>^p = if-tr (a^aV'’). 

Defining rjo = 1, this can be neatly rewritten as 


(A.33) 


(A.34) 


U 


/V n- _ 

x r]^ 


(A.35) 


which using = —26ij, rj^ = 1 can be easily seen to lay in 0(4) (and explicit 

computation, or using that the is generated continuously from x = (1, 0, 0, 0), shows 
that it is in AO(4), i.e. det U = +1). 

If we want to construct the instanton based on tachyon condensation with a non¬ 
trivial tachyon profile, finite-energy considerations impose that T is basically just O, 
given by flA.35ll . with the replacement x ^ x (accounting for the fact that the actual 
tachyon vacuum for brane condensation is at T = cx)): 


T 


x'^rj^. 


(A.36) 


For the supercritical closed string case we choose as our base directions, and we 
view the AO (4) x AO (4) symmetry as the rotation group acting on the x, y dimensions. 
By analogy with the gauge instanton case we then take a tachyon profile of the form 

T = X^{r)X,xY^ = itr (kXy) (A.37) 

where X = X^a^, y = as before, and in order to display the symmetries of the sys¬ 
tem more manifestly, we have introduced x = x^ = x^a^, with x^ = (xq, —xi, —X 2 , —x^). 
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Restriction to a spinor representation. We have focused in the case of S'0(4), so 
V is naturally a bispinor. If we are interested just in one SU{2) subgroup, for example 
the one acting on the left, we can think of V as a couple of spinors and V^, by 
taking (V*)„ = V„j. Under a SU{2) transformation in the left subgroup V —?■ gV, 
which implies V* g\/^. Looking to the explicit form of the matrices, we have 
= (xo + ix 3 ,ixi — X 2 ) and = {ixi + X 2 ,xo — ix^). One may now show that the 
tachyon constructed by embedding an SU{2) instanton into S'0(4) comes just from 
taking the real part of the ABS construction. The S'0(4) tachyon profile is 




1 

= -tr 
2 




(A.38) 


Now, as above, we may regard the bispinors (x^a^) as a pair of SU{2) spinors so that, 
as a matrix. 


(A‘) = (v; V?), (x“r) = (v; v=)' 



(A.39) 


where Vj,,V^ are the column vectors defined above. 
C08il . we get 


Now expanding the product in 


{yiVTABsyi 


{x^a^)TABs{y (t ) = , 

\{yiVTABsyi {yiVTABsyi 

Now, since (assuming the are real as well) 

■(vi)tr4Bsvy = = ((vi)’’r^)T4Bs(T2(v;)’ 


using that 


= {^DXabsV: 


^ 2 2 


—* _ 2 — 2 


and r^(V^)* = This means that flA.38p can be written as 

r=Re((Vi)tT4BW;). 


(A.40) 


(A.41) 


(A.42) 


(A.43) 


where and are unconstrained Weyl spinors. In other words, the real tachyon is 
just the real part of the complex ABS tachyon. 


B The caloron solution 

The ABS construction discussed in the main text, together with its real version, pro¬ 
vides us with a tachyon describing the C^/Z 2 orbifold. Via deformation we obtain a 
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two-center Taub-NUT solution. The standard multi-center Taub-NUT metric 153 has 
an asymptotic circle at inhnity, whose radius is formally inhnite in the C^/Z 2 orbifold 
and its deformations. Nevertheless, the theory at hnite radius has very interesting 
properties which disappear in the inhnite radius limit. For instance, the system is 
T-dual to a conhguration of two coincident NS5-branes. 

It is interesting to think about what happens to the ABS tachyon when we take 
one of the dimensions periodic. We still expect a SO{A) instanton to exist in this case, 
but clearly flA.23ll will not do, since it is not periodic. This problem was solved by [5H] , 
who dubbed the solution they found “caloron”. The basic idea is simple: one uses the 
solution for instantons along a line (see for instance [SH]), taken in the limit where 
there are inhnite instantons along the direction to be compactihed, with periodicity 
equal to the compactihcation radius. The resulting solution has the right periodicity. 

In our case, we are directly interested in the tachyon prohle, so it will be convenient 
to write A = {dT)T~^. The caloron recipe instructs us to sum over an inhnite periodic 
array of solutions of the form 


= (aT„)T, 


-1 
n ’ 


T = 

-L n 


tq -|- n)\ + if ■ X 


(B.l) 


(r - To -f- n)2 -K |X|2 

where r is the soon-to-be compact direction and r the usual vector of Pauli matrices. Tq 
labels the position of the caloron in the compact circle. We are interested in a periodic, 
pure gauge conhguration (except at the locus where the tachyon is not invertible), 
such that the integral of the Chern-Simons three form around each point of the form 
(to -|- n, 0) is one. Precisely these properties are satished by the conhguration 




n=—oo \k<n 



= {dT^){T 


C\-l 


r= U Tn. 


(B.2) 


Thus, the tachyon we are looking for is precisely T^. It is easy to evaluate it by 
noting from (IB.lj) that, given X, the matrices I,if ■ X/|X| form a representation of 
the algebra of the complex numbers. This turns the dehnition of into an inhnite 
product of complex numbers of norm 1, whose argument 9'^ is readily evaluated as 
follows. Since we are only interested in the argument, we can compute it changing the 
normalization of the T„. Since 

I y —^ 

Tn =-. -r, with z = T — To + i\X\, (B.3) 

\n -f z\ 


we may write 


9'^ = arg 


n 


n + z 
\n -|- z\ 


= arg 


OO 

-n 

_ n=l 


n + z 


n 


-n + z 


n 


= arg 



(B.4) 
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where in the last line we have changed the sign of every term in the product. This may 
introduce a sign in the final result for which is in any case irrelevant, as we will argue 
below. The product in the last term is the Weierstrass product form of siniiiz)/ 
so that 


6 *'^ = arg 


sin(7rz) 


TT 


From this, one can construct the periodic caloron tachyon 


(B.5) 


Tc ^ -r 1^1 ^ \ sinf^"^) r • 

|X| 

tan(7r(r — Tq)) I + i tanh(^7r|X|^ r ■ 
tanh^(^7r|X|^ + tan^(7r(r — To)) ^ 



(B.6) 


In writing the expression in terms of 
tangents one needs to make a choice of branch cut in the square root in flB.611 . we 
have chosen the sign that agrees with fIB.Sp on |r — ro| < Belatedly, notice that 
r ^ r + 1 sends 9c ^ 9c + vr, or equivalently —)■ —T'^. When we view the caloron as 
a conhguration in S'0(4) Yang-Mills theory this is fine, since the physical object, the 
connection is invariant under this transformation. In the context of the supercritical 
string the tachyon is physical, transforming in a bifundamental of S'0(4) x 5'0(4), 
and —)■ —T^ is simply a gauge transformation in the center of the gauge group. 

An interesting point is that on general grounds we expect the endpoint of the 
condensation with tachyon fIB.bp to be an ordinary two-center Taub-NUT space. This 
solution has a U{1) isometry along the compact direction which appears to be broken 
explicitly fIB.bp . Indeed, flB.4p and therefore flB.6D have a free parameter tq, which 
corresponds to moving the center of the instanton in the compact direction. Thus, 
changing tq either corresponds to an irrelevant perturbation of the CFT, or describes 
some deformation of the ordinary Taub-NUT space. Evidence for the latter comes 
from noticing that if we separate the two centers of the Taub-NUT space, the theory 
is no longer singular. In the UV, we could imagine separating the coincident centers 
of the Pontryagin number 2 solution constructed above into two configurations with 
Pontryagin number one. Presumably this would correspond to tuning the difference 
Tq — Tq of the position of the two Taub-NUT centers away from zero. In the IR, 
the modulus which desingularizes the CFT is B field on the vanishing 2-cycle of the 
conhguration. The parameter tq = Tq -|- Tq of our tachyon prohle therefore seems to 
correspond to turning a B-held on the center-of-mass normalizable two-form in the IR. 


with T,'; = <j tan(7r(r — To)), tanh(|7r|X| j 
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